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Abstract

In our paper we describe the corresponding dynamic mathematical
models to perform a comparative analysis of the reliability of two types
of networks: serial-parallel and parallel-serial when the number of sub-
networks is constant and the numbers of units in each sub-network are
Power Series Distributed (PSD) random variables (r.v.), but also when
the lifetimes are independent, identically distributed r.v. We shows that
the lifetime distributions of such kind of networks leads us to two new
families of distributions called Min(Max-PSD) and Max(Min-PSD) dis-
tributions. The formulas for calculating the reliability of the related
networks it was deduced too. Sufficient conditions have been formu-
lated for the serial-parallel network to always be more reliable than the
parallel-serial network. Some graphically illustrated examples have been
provided.

1. Introduction
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First of all, let us observe that many mathematical models in Network’s
Reliability deal with series and parallel Networks as subsystems of Networks
with more complex structure/topology. If for elementary networks, such as
serial or parallel networks, it is obvious that the latter are, under the stated
conditions, more reliable, then in the case of more complex networks, consist-
ing of some and the same elements, the answer is not so obvious.

Let us take, for beginning, two standard network types: serial-parallel (A)
and parallel-serial (B), according to the schemes below.

A. Serial-Parallel Network. B. Parallel-Serial Network .

Next we will adopt dynamic mathematical models for the networks rep-
resented above. More exactly, we suppose the following: the lifetime of each
network’s unit is described as a nonnegative r.v. whose cumulative distribu-
tion function (c.d.f.) is known and lifetimes of such units are independent,
identically distributed random variables (i.i.d.r.v.). Reliability of the network
will be represented by the survival function, i.e., the probability that the net-
work will survive a longer time than x, which coincides, in fact, with the tail
of c.d.f. for the lifetime of the entire network.

In the following we are interested in: 1. Obtaining calculation formulas
for the lifetime distributions and reliability of networks of type A or B in
different conditions; 2. Comparative analysis of the networks invoked from
the point of view of their reliability.

2. Notions and auxiliary results

To include as possible many mathematical models in one formula, we will
use, as generic distribution of the number of units in each subnetwork, the



MIN(MAX-PSD) AND MAX(MIN-PSD) AS LIFETIME DISTRIBUTIONS IN
NETWORK’S RELIABILITY 175

O0—truncated Power Series Distributions (PSD) class obtained by means of
the O—truncation of each power series distribution. The term ”power series
distributions” is generally credited to Noack [6]. Kosamby [7] and Noack
showed that PSD class include Binomial, Poisson, Logarithmic, Geometric,
Negative Binomial, Pascal and many other important discrete distributions.
More exactly we have

Definition 1 [6]. We say that Z is a Power Series Distributed r.v. with
parameter 6 and power series function A(0) = > a.0% , shortly Z € PSD,

220

if

PZ=—=%" 450 =012 . :0€[0.7)

=ZzZ) = a, 22U, 2z=U,1,42,..] T )
A(0)’
where power series > a,0* is convergent with radius of convergence 7 €
220

(0, +00).

The PSD discrete probability distributions used in our paper are 0—truncated
ones, because the real networks consists from at least one unit, The follow-
ing assertion assure us that the operation of 0—truncations does not alter the
initial quality of distribution to be of PSD class..

Proposition 1 [3,4]. If r.v. Z € PSD with parameter 0 € (0,7), 7 €
(0, +00) and power series function A(0) = > a,0*, then his 0-truncation is

220
a rv. Z* € PSD with parameter 6 € [0,7), 7 € (0,400) and power series
function A*(0) = 3 a.0% = A(0) — ag, i.e.,

z>1

a, 0% a,6?
= = 2 5 == 1’ 2, cee o
0) - AQ) —ag’ =702

P(Z* =2)

Remark 1. Ifr.v. Z € PSD and the null coefficient ag of his power series

function A(8) = > .6 is equal to 0, then O-truncation of r.v. Z does not
z20
change the initial distribution.

Example 1. The following Table 1 shows the form of PSD parameters of
two distributions used by us to exemplify our theoretical results, i.e., Bin(n;p)
and Pascal(k;p), marked by symbol ” x” | if their O-truncation changes form
as a PSD. Here, Bin(n;p) expresses the probability distribution of total num-
ber of ”success” occurring in n Bernoulli trials with the same probability
p = P("succes”) in each trial. At the same time, Pascal(k;p) expresses the
probability distribution of the number of Bernoulli trials until k& ”successes”
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have occurred when the probability of a ”success” in each trial is p.

Distribution a, 0 A(6) T
Bin*(n;p), —
(), for = =T,n, P n_
ne 2 {0» for z=0 or z > n. i (14071 oo
O0<p<l1

Pascal(k; p),

(Zj),forzzk,k—i—lww _ (L)k
kefl.2.}, { 0. for z =0k 1. 1= (1% 1
0<p<l1

Table 1.

Next results refers to the distributions of PSD mixtures of minimum or
maximum of nonnegative i.i.d.r.v.

Proposition 2 [2,4]. If X1, Xs,...,X,,... are nonnegative i.i.d.r.v. with
cdf Flx) =PX; <z),i>1and rv. N € PSD with parameter 6 €
(0,7), T € (0,400) and with power series function A(f) = . arf*, N being

k=1
independent of r.v. X1, Xo,...,Xn,..., then c.d.f. of rv. Un = min(Xy,

Xs,...,Xn) and Viy = max(Xy, Xo,...,Xn) are given, respectively, by formulas

AO(1 - F(x))
MO

A(OF (z))
A()

According to the papers [2, 5], the above lifetime distributions will be called
lifetime distributions of Min-PSD type and, respectively of Max-PSD type.

Remark 2. The c.d.f. Fy,(x) and Fy, () describe probabilistic behavior
of lifetimes for serial and parallel networks, respectively, when lifetimes X7,
Xo,...,X,,,...of the units are nonnegative i.i.d.r.v. and number of the units is
ar.wv. N € PSD, N being independent of r.v. X1, Xo,...,X,,,... .

Fuy(z) =P(Uy <2)=1-—

FVN((E) = P(VN S (,C) =

3. Reliability of serial-parallel and parallel-serial networks with
constant number of subnetworks and random number of units in
each subnetwork.

Now, let us suppose that Networks A and B consist from constant number
M > 1 of subnetworks, where the numbers Ny, Ny, ..., Nps of units in the
corresponding subnetworks are independently, identically, Power Series Dis-
tributed random variables with parameter 8 € (0,7), 7 € (0,+00) and with
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power series function A(f) = 3. ap0* and, at the same time, independents
k=1

of lifetimes of all units. Lifetimes of all units compounding the Network being

non-negatives, i.i.d.r.v. with c.d.f. F(x), then lifetimes of all M subnetworks

in the serial-parallel network are i.i.d.r.v. Vi,, Vn,,..., V,,. In the same way,

lifetimes of all M subnetworks in the parallel-serial network are i.i.d.r.v. Upn,,

UNys--ss Uny, - More than,

Uy, = min(Xy,...,, Xn;) and Vy, = max(Xy,..., Xn,), ¢ =1, M.

So, according to the Proposition 2, their c.d.f. as a Min-PSD and Max-PSD
distributions may be calculated by the following formulas:

A(6(1 - F(x)))
F =PUy <z)=1-—

UNi (.’L') ( N1 —_ x) A(@) b
A(OF(x))
A(9)
Because lifetimes for serial-parallel and parallel-serial networks correspond, re-
spectively, to the r.v. Us_p=min(Vn,,VN,,--,VNy, ), VP—s=max(Un,, Un,,...,
Un,,), we deduce that their c¢.d.f. may be calculated by means of the formulas:

AOF () \™
A(0) > - @

FVN. (x) = P(VN <

i i

x) = ,i1=1,M.

FUS_P(ZL') = P(Us_p S :L’) =1- (1 -

AB(1 -~ F(x))))M @)
A(9) B
Due to the structure of the lifetimes Us_p and Vs_p, it is natural to call
the distribution (1) -distribution of Min(Max-PSD) type and the distribution
(2) -distribution of Max(Min-PSD) type.
At the same time, in the same conditions, the corresponding survival /reliability
functions are given by the following formulas:

AOF () \M
W) o ©

Fy, (2)=P(Vp_g<z)= (1 —

Ss_p(m) = P(Us_p > x) = <1 —

M

A(0)
Due to the characteristic properties of c.d.f. F(z), we have that F(x)

is monotonous non-decreasing function and 0 < F(z) < 1, for every = €
(=00, 400). So, if we denote by ¢ = F(z) for fixed x, then, according to

Spfs(x) = P(VP,S > (E) =1- (1 -
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the formulas (3)-(4), the comparison of the corresponding survival/reliability
functions will be equivalent to the comparison of the functions Ss_p(q) =

M M
( A((O))) and Sp_g(q) = [1 - (1 - W) } for 0 < ¢ < 1, inde-

pendent of how c.d.f. F(z) is looking like. In other words, we may consider
that the lifetime of each unit is described by uniform distribution on the in-
terval [0,1] , i.e., the c.d.f.

0, z <0,
Fz)=< z, 0<x <1,
1, > 1.

Remark 3. In fact, the previous conclusion means that the choice of the
most reliable network does not depend of lifetime distribution F(x) and may
depend only of the probability distribution of the number of units in each of
M subnetworks. The following example confirms our assertion.

Example 2. Let us consider serial-parallel and parallel-serial networks
with constant number M of subnetworks and numbers Ny, Ns,..., Njs of
the units in the corresponding subnetworks as the independent, identically,
O—truncated, binomially distributed r.v. with parameters n and p € (0,1).
From the Table 1 we see that this is a PSD with power function A(¢) =
(1+6)"~1,0 <6 < +oo, where § = ;2. So,

n_11M o —11M
Ss—p(q) = [1 - [[11199%]”—11} » Sp-sla) = 1_{1 - +[19539]“(1ﬂ 1} '

Then the below graphical representations of Ss_p(q) and Sp_g(¢q) show us
that the comparison of the reliability of networks A and B is not predeter-
mined.

a)for M =3, n=2,p=1/4,0 = —p = % we have that the functions
Ss—p(q) = |1- %} Sp_s(q) =1 — [ [1+[1J(r1 Q)]z_l} and their

graphical representation is the followmg
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w

The situation does not change even n = M =
b)for M =3, n=3,p=1/4,0 = ﬁ = % we have that gs_p(q) =

3 3 3
1-— [[11%1%] ,gp—s(q)=1— [1 — Dﬁ—i@%} and their graphical rep-

resentation is the following:

[

(-5

(1+

But the situation when M = n changes dramatically if M = n > 4. See,
for example, the following case:

c)for M =4, n=4,p=3/4,0 = p =3 we have that the functions

Ss—p(q) = [1 - %} , Sp-s(q ) 1- [1 - %} and their
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graphical representation is the following;:

)8
261 ( _ (143g)*-1 )
(143)%-1
24} 1- (1 _ (“(31‘?3;13)1‘-1)4
121

0.2 04 086 08 10

The following case show that with the increase of M, gradually, in the case
of M = n, the series-parallel structures becomes more and more reliable than
the parallel-series structures:

d) for M =100, n =100, p = 3/4, 0 = £, = 3 we have that the functions
100 100 100 47100
Ss_p(q) = [1 - WWE} , Sps(q) =1~ [1 - % and

their graphical representation is the following:

08|
osf — (1 - sﬁq&)“’“
1+3)10.1

100_4 |\ 100
1 _(1 (1+3(1-q)) 1)

04r (1+3)10_1

021

0.2 04 06 08 1.0

At the same time, if we use another c.d.f., for example, F(z) =1—e %, 2 >
0, instead of ¢ € [0, 1], i.e., instead of uniform distribution on the interval [0, 1],
then the graphical representations of survival/reliability functions Sg_p(x)
and Sp_g(x) confirms our Remark 3. Let us take, for example, analog of case
c).
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e)for M =5, n=5p=3/4, 60 = -2 =3 we have that the functions

1-p

_—axyi5_ 170 —x15_ 179 .
Ss-plg) = [1 = B2 5p g(g) = 1- [1 - BE2e P2 and their
graphical representation is the following:
1.0 f
08|
ol 1 (1+3(1-0))5-1\®

) T T T e
143613
osf b (1 - gﬁﬂL)
0.2
. = 3 s 5

Remark 4. All of the above examples refer, in fact, to the case when the
probability, that the number of units in each sub-network is greater than the
number of sub-networks M, is less than 1. They show that in this case the
comparison of the reliability of networks A and B is not predetermined.

On the other hands, in the case when numbers of units N1, Ns, ..., Ny and
number of subnetworks M are constant numbers it was proved the following

Proposition 3 [3]. For M > 1, if the lifetimes of the network units
are i.i.d.r.v. and min(Ny, Na, ..., Np) > M, then the survival / reliability
functions Ss_p(x) > Sp_g(x), i.e., networks of type A are more reliable than
networks of type B, regardless of the lifetime distribution of their units.

That means in our case we have the following

Consequence. For M > 1, if the lifetimes of the network units are
i.i.d.r.v. and Ny, Na, ..., Ny are ii.d.r.v. of PSD type such that P(N; >
M) =1 for every i =1, M, then the survival / reliability functions Ss_p(z) >
Sp_g(x), i.e., networks of type A are more reliable than networks of type B,
regardless of the lifetime distribution of their units.

Example 3. Let us consider serial-parallel and parallel-serial networks
with constant number M of subnetworks and numbers Ny, Ns,..., Njs of
the units in the corresponding subnetworks as the independent, identically,
O0—truncated, Pascal distributed r.v. with parameters &k > M and p € (0,1).
So, P(N; > M) =1, because P(N; € {k, k+1,..}) =1, where k > M. From
the Table 1 we see that this is a PSD with power function A(6) = (7%5)*,
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0<0<1, where # =1—p. So,

P L I S e T R

Ssorla) = [1_ (19)’“] - [1_ (1—9q)k] ’
(i) N [(1—q)1 - o))"
Sp-s(q) =1~ 1*W 1[11_9(1_(,))k] -

In contrast to the Example 2, the graphical representations below of Sg_p(q)
and Sp_g(g) show us that Sg_p(q) > Sp_s(q) for each g € [0, 1], i.e., the com-
parison of the reliability of networks A and B is predetermined ,in the sense
that type A networks are more reliable than type B networks as soon as the
conditions of the above consequence are met.

a) for M =2, k=3,p=1/4, § = 3/4 we have that the functions

Ss-p(a) = [1 - <4_q3q))31 L Ssta)=1- [1 - (4_13(‘1{@)3]

and their graphical representation is the following:

— (=)

—(1 - (VY
04t 1 (1 (4_3(1_0) )

L
0.2 04 06 08 1.0

b) for M =2, k=3, p=23/4, 6 = 1/4 we have that the functions

. BN [ su=a VT
S—P(Q)—[l (4—q)>] » Sp-s(g) =1 [1 (4—(1—61))]

and their graphical representation is the following:
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1.0
08
08} —_— (1 - (4_"—3(1)3)2
04 1—(1—(4_::(—':’_‘7) 3)2
0.2

DTZ 0?4 OTG OTB ‘I,IO

Finally we can draw the following

Conclusions. For serial-parallel and parallel-serial networks with con-
stant number of subnetworks and random number of units in each subnetwork:

1. In the case when lifetimes of network’s units are i.i.d.r.v., but also if
the number of units in each sub-net is a r.v. which belong to the PSD class of
r.v., the number of sub-networks being bigger than one, it was proved that the
lifetime of the serial-parallel and parallel-serial networks belong to the class of
Min(Max-PSD) and Max(Min-PSD) and may be calculated by means of the
formulas (1)-(2), respectively.

2. In the same case, the reliability of the serial-parallel and parallel-serial
networks may be calculated by formulas (3)-(4) respectively.

3. This formulas shows that solving the problem of identifying the best
network in terms of its reliability the lifetime c.d.f. F(z) of each unit in each
subnetwork does not matter, the answer depending only of the number M and
the probability distribution of the number of units in each of M sub-networks.

4. Sufficient conditions have been formulated for the serial-parallel network
to always be more reliable than the parallel-serial network. Some examples
have been illustrated graphically.
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